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The sliding frition of a dimer moving over a periodi substrate and subjeted to an
external fore is studied in the steady state for arbitrary temperatures within a one-
dimensional model. Nonlinear phenomena that emerge inlude dynami bistability
and hysteresis, and an be related to earlier observations for extended systems suh
as the Frenkel-Kontorova model. Several observed features an be satisfatorily ex-
plained in terms of the resonane of a driven-damped nonlinear osillator. Inreasing
temperature tends to lower the resonant peak and wash out the hysteresis.
PACS numbers: 81.40.Pq,46.55.+d
1. INTRODUCTION
The frition experiened by atoms, small moleules, and adlayers moving over substrates
is an ative topi of urrent researh [1℄. One reason is the desire to understand, at a
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2fundamental level, the origin of frition. The other reason is the wish to aquire expertise
in developing nano-devies like nano-motors, nano-wires, and nano-probes. Besides, sliding
frition is related to other atomisti proesses at surfaes, suh as diusion of atoms and
moleules [2, 3, 4, 5℄, and motion of long hains [6, 7, 8, 9, 10℄ over periodi substrates. That
mirosopi sliding frition an exhibit nonlinear behavior depending on the sliding regime
has been shown in the reent theoretial literature. Strunz and Elmer [6℄ have studied in
detail the nonlinear frition of the Frenkel-Kontorova model and identied the origins of
suh frition as being the resonane of the sliding veloity with the internal vibration modes
of the hain, and the formation of kinks. The latter phenomenon was also studied by Braun
et al. [8, 10℄. More reently, Fuso and Fasolino [11, 12℄ have identied the same resonane
phenomenon in the frition of a smaller objet, a dimer moving over a periodi substrate.
Gonçalves et al. [13℄ have analyzed a losely related system in the relaxation regime, i.e. in
the absene of external fores, and have given a simple physial explanation of the observed
results. Persson [14℄ has predited that a frition fore proportional to v−3 is to be expeted
(in addition to the linear one) in the large-fore regime for a sliding system of any size,
ranging from a single atom to an innite hain. In the present paper, we restrit our study
to the steady state frition of a dimer, but investigate all fore regimes. We identify several
separate regimes exhibiting resonane, bistability, and hysteresis. We provide a simple
explanation for these phenomena in terms of the resonane of a driven-damped osillator,
and omment on how they depend on the substrate orrugation, damping and temperature.
2. MODEL AND SIMULATION RESULTS
At zero temperature, the equations of motion for the two partiles onstituting the dimer
sliding over a periodi potential, in the presene of external fore F , are [12, 13℄:
mx¨1 +mγx˙1 − k(x2 − x1 − a) =
2πu
b
sin
(
2πx1
b
)
+ F
mx¨2 +mγx˙2 + k(x2 − x1 − a) =
2πu
b
sin
(
2πx2
b
)
+ F, (1)
where x1,2 are the oordinates of the two partiles eah of mass m, and k, a, b, u are,
respetively, the spring onstant, equilibrium length of the dimer, wavelength of the substrate
potential and half the amplitude of the potential. We integrate these oupled equations
numerially using the algorithm of Verlet modied to allow for veloity-dependent fores [13℄.
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FIG. 1: Foreveloity (f/γ versus v, f = F/m) relation obtained from numerial integration in the
steady state. Both f/γ and v are expressed in units of bω0. Parameter values are u = 0.038kb
2, γ =
(2/3)ω0, and a/b = 1/2. Notie that the maximum frition at resonane ours when 2piv/b ≈ ω0,
therefore for absissa values whih are around (2pi)−1.
The underlying harateristi physial quantities in this system are the equilibrium dimer
length a, the substrate wavelength b, the free dimer harateristi time 1/ω0 =
√
m/2k, and
an energy that desribes the dimer osillation suh as kb2. In our numerial integrations we
use a time step ∆t equal to 0.03ω−10 .
The proedure is as follows: for a xed value of F we obtain the enter of mass veloity
v, averaged over several thousand time steps in the steady state. Repeating the proedure
for several hundreds of dierent values of the fore, we onstrut a harateristi urve of
fore versus veloity, F/(mγ) versus v, (see Fig.1).
The following features are evident from Fig.1 as emerging from our numerial simulations:
1. Existene of a stati threshold: there is a minimum value of the externally applied fore
required to make the dimer slide. It arises from the fat that, at zero temperature,
the substrate potential has to be overome.
2. Linear behavior in the asymptoti large-fore regime: for suiently large fores, the
dimer slides at veloities high enough to make the substrate potential a negligible
perturbation. The linear asymptote is shown in Fig.1 as the dashed line.
43. Nonlinearity in the frition exhibiting a maximum: this arises from resonane eets
when the washboard frequeny 2πv/b is lose in value to the dimer frequeny ω0 =√
2k/m.
The rst two of these features are expeted in light of previous reports in the literature. The
third appears to be interesting. Previous related reports have been on the driven diusion
of a dimer [12℄, and of a Frenkel-Kontorova model in the presene of an external fore [6℄.
A thorough analysis is however laking. We attempt to provide suh an analysis below in
the spei ase of the dimer. We relate our results to observations made by other authors
in the ontext of the Frenkel-Kontorova model, and suggest that the essential features of
the nonlinear frition of the innite linear hain an be understood in terms of the dimer
dynamis we desribe.
3. SIMPLE THEORETICAL CONSIDERATIONS
A transformation of the oordinates of the two dimer masses to the enter of mass o-
ordinate x+ = (x2 + x1)/2, and the internal oordinate x− = (x2 − x1)/2, onverts Eqs.(1)
to
x¨+ + γx˙+ =
2πu
mb
sin
(
2πx+
b
)
cos
(
2πx−
b
)
+ F/m
x¨− + γx˙− +
k
m
(2x− − a) =
2πu
mb
sin
(
2πx−
b
)
cos
(
2πx+
b
)
. (2)
If in the last equation we dene ξ = 2x−
a
− 1 = x2−x1
a
− 1, we get
d2ξ
dt2
+ γ
dξ
dt
+ ω20ξ =
4πu
mba
sin
(πa
b
(1 + ξ)
)
cos
(
2πx+
b
)
(3)
as in the analysis of Ref. [13℄. Contrary to that analysis, however, here our interest lies in
the steady state reahed after the appliation of the external fore. In that state, the enter-
of-mass veloity v+(t) osillates around a onstant value v. Considering only situations in
whih ∆v(t) = |v+(t)−v| < v, let us neglet ∆v(t) and deouple the equations. The internal
oordinate then satises
d2ξ
dt2
+ γ
dξ
dt
+ ω20ξ =
4πu
mba
sin
(πa
b
(1 + ξ)
)
cos(ωt), (4)
whih desribes a damped nonlinearly driven osillator. The natural frequeny is ω0 =√
2k/m, the damping is γ, and the driving frequeny ω is proportional to the onstant
5omponent of the enter of mass veloity: ω = 2πv/b whih is the so-alled washboard
frequeny.
3.1. Linear analysis in zeroth order
Eq.(4) annot be solved analytially beause of the nonlinearity in the sine term. The
simplest approximation, valid in zeroth order in powers of ξ, leads to the equation of a
driven-damped linear osillator:
d2ξ
dt2
+ γ
dξ
dt
+ ω20ξ =
4πu
mba
sin
(πa
b
)
cos(ωt), (5)
with an exat solution in the steady state,
ξ(t) =
4πu
mba
sin
(πa
b
) 1√
(ω20 − ω
2)
2
+ ω2γ2
cos (ωt− δ) , (6)
where δ is the phase angle given by tan(δ) = γω
ω2
0
−ω2
. In order to ompute the dependene
of the frition on the enter-of-mass veloity, we must resort to the power balane ondition
whih, in terms of the averaged enter-of-mass and internal veloity, an be written as
F < v+ >= mγ < v
2
+ > +mγ < v
2
− > . (7)
Dening f = F/m, and using the previously made assumption that < v2+ >≈ v
2
, leads to
f = γv + γ
< v2− >
v
. (8)
We see that, generally, the steady-state frition the enter of mass of the dimer experienes
is nonlinear in the veloity. Using the steady state solution for ξ(t) as given by (6), we
alulate
< v2− >=
1
2
(
2πu
mb
)2
sin2
(πa
b
) ω2
(ω20 − ω
2)
2
+ ω2γ2
. (9)
Substitution of < v2− > given by Eq.(9) in Eq.(8), yields
f
γ
− v =
1
2
( u
m
)2
sin2
(πa
b
) v
(v2 − (bω0/2π)2)
2 + v2(bγ/2π)2
. (10)
The right hand side of Eq.(10) fouses on the nonlinear omponent of the frition. In Fig.2
we plot Eq.(10) together with the exat results from the simulations. We see that our zeroth
order theory aptures the essene of the resonane behavior, approximates well the loation
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FIG. 2: Resonane eet in the nonlinear frition of the dimer and omparison of the simulations
with the zeroth order theory. Plotted is the nonlinear part, f/γ− v of the harateristi urve for a
dimer sliding over a periodi substrate. Cirles are from numerial integration at the steady state.
The solid line is the zeroth order theory for the unoupled equation for ξ. f/γ and v are both in
units of bω0. The parameters in this ase are u = 0.028kb
2, γ = (2/3)ω0, and a/b = 1/2.
of the peak, is exellent quantitatively for larger veloities, and fails only to desribe the
low-veloity threshold.
In the limit of high veloities (v >> bω0/2π, bγ/2π), the leading term in the resonane
denominator is quarti in v, resulting in the following nonlinear frition:
f
γ
− v =
1
2
( u
m
)2
sin2
(πa
b
) 1
v3
. (11)
This agrees with the 1/v3 result of the sliding frition of the purely internally damped dimer
studied reently [13℄. In the other limit, in the low-veloity regime (v << bω0/2π), the
denominator of the right hand side of Eq.(10) is independent of v (it is of fourth order in
ω0), so f/γ − v in this ase beomes linear:
f
γ
− v =
1
2
(
u
mv2s
)2
sin2
(πa
b
)
v. (12)
Here vs = bω0/2π is the sliding veloity near resonane. Thus, in the limit of typial
veloities of experiments, like the mirobalane experiment, we reover the linear regime
in whih
1
2
γ
(
u
mv2
s
)2
sin2
(
pia
b
)
represents the part of the frition diretly ontributed by the
7interation with the substrate potential. However, the threshold eet in the dimer problem
at T = 0 prevents this regime from being observed. For an extended objet and/or at
T > 0, where the threshold ould be vanishing, it would be possible in priniple to observe
this regime.
3.2. Parametri osillator in the rst order
The zeroth order desription fails when a/b is ommensurate, i.e. when takes integer n
values. In this ase the zeroth order approximation annot be applied and one is fored to
go to the next order, sine negleting ξ in the sine terms predits an erroneous (vanishing)
nonlinear frition. In suh ases, and if ξ << 1,
sin
(πa
b
(1 + ξ)
)
= (−1)n sin(nπξ) ≈ (−1)nnπξ. (13)
Substitution onverts the driven-damped harmoni osillator equation (4) into the equation
for a parametri osillator
d2ξ
dt2
+ γ
dξ
dt
+
(
ω20 + (−1)
n+14nπ
2u
mba
cos(ωt)
)
ξ = 0. (14)
For this equation an exponential inrease of ξ is expeted in an instability window around
ω = 2ω0. Thus, in this regime, < v
2
− > would inrease indenitely and the frition fore
would be innite, whih is of ourse unphysial. In fat, in the full system Eq.(2), the
oupling between the enter-of-mass and internal motion drives the enter of mass out of
the instability window haraterizing the parametri osillator, and this is enough to make
the inrease of ξ saturate [11, 12℄, yielding a nite value of < v2− >. Besides, if ξ inreased
beause of the resonane, the assumption (13) that leads to the parametri osillator equation
(14) would not be valid.
The zeroth order approah predits that the shape of the resonane is proportional to
sin2(πa/b). Aordingly, there are two extreme ases worth disussing: a/b = 0.5 + nπ
in whih the resonane is maximum, beause the ounter phase movement of the partiles
makes this the most energy eetive ase; in ontrast a/b = nπ is the less eetive one, sine
the in phase movement does not exite the internal vibration, thus yielding purely linear
frition. The latter ase is preisely the one disussed in this setion. Figure 3 illustrates the
previous disussion showing how the resonane is atually aeted by the ommensuration
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FIG. 3: Foreveloity relation obtained from numerial simulation for dierent values of a/b.
Notie how the resonane is attenuated as a/b takes on inreasing values from 0.5 to 1 and how the
ase a = b is very lose to the linear regime. The dierene an only be appreiated in the inset
where f/γ − v versus v is plotted on log-log sale. f/γ and v are both in units of bω0. Parameter
values are u = 0.0056kb2, γ = (1/6)ω0.
ratio a/b. Those are results of the numerial integration of Eqs.(1), where we an see that
the zeroth order approximation is very good indeed. In the ase a/b = 1, although the
frition is not exatly the linear one, there is no resonane at all and the fv harateristi
is very lose to the linear one. In the inset however, we an see that there is nonlinear frition
whih goes asymptotially v−3 to the linear regime, due to the parametri resonane.
3.3. A non-standard desription in higher order
A non-standard approximation proedure may be developed through an iterative pro-
edure by notiing that, as the value of an arbitrary variable y inreases, the expression
cos(κ cos(y)), where κ is a onstant, osillates around the value J0(κ), whereas sin(κ cos(y))
osillates around 0, J0 being the Bessel funtion of order 0. We have seen that, onsidered
in zeroth order, Eq.(4) predits that ξ(t) osillates sinusoidally with frequeny ω (see (6)).
Writing p = πa/b, we may use the fat that
< sin (p(1 + ξ(t))) >≈< sin(p) cos(pξ(t)) >= sin(p)J0 (pA sin(p)Z(ω)) , (15)
9where A = 4piu
mba
and Z(ω) = 1√
(ω20−ω2)
2
+ω2γ2
. This proedure an be followed iteratively to
whatever degree is desired. The suessive approximations to the steady state ξ(t) are thus
ξ0(t) = A sin(p)Z(ω) cos(ωt− δ)
ξ1(t) = A sin(p)Z(ω)J0 (pA sin(p)Z(ω)) cos(ωt− δ)
ξ2(t) = A sin(p)Z(ω)J0 (pA sin(p)Z(ω)J0 (pA sin(p)Z(ω))) cos(ωt− δ)... (16)
Generally, this may be expressed by dening η = A sin(p)Z(ω) and writing the approxima-
tion as
ξ(t) ≈ ηJ0(pηJ0(pηJ0(pηJ0(pη...)))) cos(ωt− δ). (17)
The spetrum predited through this approximation is seen to be proportional to
ω2η2J20 (pηJ0(pηJ0(pηJ0(pη...)))) to whatever degree of approximation one requires, exept
for p ≈ nπ, in whih ase the approximation is not valid, for the same reason explained in
the previous setion.
The left panel of Fig.4 shows a omparison of dierent orders of this non-standard ap-
proximation with the numerial solution of Eq.(4), shown as a solid line. The zeroth order
approximation in this proedure, shown as dotted line, overestimates the height of the reso-
nane peak, while the rst order approximation, shown as dashed-dotted line, underestimates
it. In the seond order, shown as dashed line, our proedure is already able to essentially
oinide ompletely with the numerial solution. It is important to realize that our non-
standard proedure does very well within the seond order when viewed as an approximation
to Eq.(4), for whih it has been developed, rather than to the original Eqs.(1). The right
panel shows the omparison of the numerial solution of Eq.(4), in whih the enter of mass
veloity is a onstant, with the simulation based on the original Eqs.(1). One an see a
low-veloity departure arising from the stati threshold and a high-veloity departure aris-
ing from bistability. Suh dierenes arise from the fat that in Eqs.(1) the enter-of-mass
veloity is itself deided by the dynamis, therefore not being a free parameter as in Eq.(4).
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FIG. 4: Validity of a non-standard approximation proedure. Plotted is: f/γ − v versus v, both in
units of bω0. (a) Comparison between the numerial simulation of Eq.(4) for the internal oordinate
ξ, with the nonstandard approximation in various orders, showing exellent onvergene within the
2nd order. (b) Comparison between exat solution of system (1) with the solution of Eq.(4), in
whih the enter of mass veloity is a free parameter; notie that exept for the disontinuities the
agreement is exellent. Parameter values are u = 0.016kb2, γ = (1/4)ω0, and a/b = 1/2.
4. FURTHER NONLINEAR RESULTS
4.1. Bistability and Hysteresis
The nonlinearities present in our system give rise to bistability. This an be seen in
Fig.5 where it is lear that one value of the fore an orrespond to two distint values of
the veloity, in a ertain region. In order to gain deeper insight into this issue, we plot in
Fig.5(b) the predition for the harateristi urve based on expression (10) as u inreases.
We see features typial of bistable systems suh as enountered in the pressure-volume (p
V ) diagram of a van der Waals gas. The bistability of the dimer is diretly related to
hysteresis. Fig.6 shows the presene of two regions, identied by the dashed lines, where
hysteresis ours when the fore is rst inreased from f = 0 and then is dereased in small
steps down to f = 0. The rst hysteresis at low veloities is due to the bistability between
the loked and the running state and has a stati origin, being assoiated with the energy
threshold that the partile has to overome in order to move. The same kind of hysteresis
is also found in the underdamped monomer [15℄. On the other hand, the seond hysteresis
at intermediate values of v is of purely dynamial nature, and it is related to the bistability
between two running states in that region. Let us disuss the latter hysteresis in more detail.
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FIG. 5: Foreveloity urves f/γ versus v (both in units of bω0) for dierent values of the orru-
gation amplitude u expressed in units of kb2. Parameter values are: a/b = 0.5, γ = (1/6)ω0. (a)
Simulation results (numerial integration of Eqs.(1)). (b) Zeroth order approximation (Eq.(10)).
Notie in both panels that the ritial value of u (i.e. the value at whih the bistability develops)
is around 0.004kb2 for the hosen values of parameters.
Five regions, denoted by roman numbers, an be identied there : I) the mehanially stable
region where v inreases with F up to a point where the fore begins to be bivaluated, II) the
metastable region where v inreases with F up to the loal maximum, III) the mehanially
unstable region where v dereases with F up to the loal minimum, IV) the metastable
region, where v inreases with F from the loal minimum up to a point where the fore ends
to be bivaluated, and V) the mehanially stable region where v inreases again with F and
it is monovaluated. Region I) and V) are both obtained either inreasing the fore from
zero or dereasing it from a high value. Region II, however is aessible while inreasing
the fore from zero but not when the fore is dereased from a high value. Complementary,
region IV is obtained while dereasing the fore from a high value but not when the fore
is inreased from zero. Region III) is mehanially unstable, i.e the veloity dereases when
the external fore is inreased. For a given value of the external fore, the system goes to
a stable point, therefore when the fore goes beyond the value at the loal maximum there
is a jump from region II to region V. Conversely when the fore is dereased from region V
the system enters the metastable region IV until at the loal minimum it jumps to region I.
Notie that, exept for the unstable region III, all the hysteresis features of the system are
exellently reprodued by the solution of Eq.(4).
Fig.7 shows the behavior of the enter-of-mass veloity for two dierent, but lose, val-
12
0 0.1 0.2 0.3 0.4 0.5
v
0
0.1
0.2
0.3
0.4
0.5
f/γ
simulations forward
simulations backward
solution of ξ(t) (Eq.4)
I
II III IV
V
FIG. 6: Hysteresis in the foreveloity relation. Symbols are results from simulations of the system
Eqs.(1): () inreasing the external fore, (⊳) dereasing the external fore. The solid line is the
result of numerial integration of the Eq.(4). I and V indiate the stable regions (overlap of the
two symbols), II and IV are metastable regions, while III denotes the unstable region. The arrows
indiate the forward jumps (→) and bakward jumps (←). Plotted is f/γ versus v (expressed in
units of bω0). Parameter values are u = 0.023kb
2, γ = (1/6)ω0, and a/b = 1/2.
ues of the external fore near the region of bistability. In the early stages of the dynamis
the veloity is pratially the same in the two ases, but after some time the veloity or-
responding to the lower fore attains a steady state value that is muh smaller than the
one orresponding to the larger fore. This learly illustrates the dynamial origin of the
bistability. Furthermore, the osillations of v+ in the steady state are muh smaller for the
larger fore. The bistable behavior of the dimer ritially depends on the parameters u, ω0
and γ: For xed ω0 and γ, it is observed when u exeeds a ritial value, whih an be
estimated in the framework of the zeroth order approximation as the value for whih the
loal maximum and the loal minimum in the veloity-fore harateristi, given by Eq.(10)
by adding the linear term in v, oinide. This is related, in the van der Waals analogy, to
the region of oexisting phases. The interplay between linear and nonlinear frition due to
resonane gives rise to the bistability, as does the interplay between attrative and repulsive
terms in the van der Waals gas. In this sense, Eq.(10) might be regarded as an equation of
state of the system. Both equations are however only approximate desriptions of the real
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FIG. 7: Bistable behavior exhibited in the time evolution of the enter-of-mass veloity for slightly
dierent values of the external fore f = F/m. Veloity v+ is in units of bω0, time t in units
of ω−1
0
, and f in units of kb. Notie that, up to time t = 60ω−1
0
, the two urves follow almost
the same dynamis, but then separate, respetively, to a low and high limit. Parameters are
u = 0.011kb2, γ = (1/6)ω0, and a/b = 1/2.
system and annot predit what happens in the transition region, where a oexistene of
two dierent states is found.
Sine the hysteresis is intimately linked to the bistability, it appears only for large u
(and/or small γ), as disussed above.
4.2. Eets of non-zero temperature
It is natural to inquire into the eets of nite temperature in our system. We solve
Eqs.(1) by adding random fores representing the thermal interation with the substrate, in
the Langevin approah:
mx¨1 +mγx˙1 + k(x2 − x1 − a) =
2πu
b
sin
(
2πx1
b
)
+R1 + F
mx¨2 +mγx˙2 − k(x2 − x1 − a) =
2πu
b
sin
(
2πx2
b
)
+R2 + F, (18)
in whih the stohasti fores R1,2 satisfy the onditions
< R(t) > = 0
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FIG. 8: Temperature eets on the foreveloity relation. Plotted is the f/γ versus v relation
as temperature T (expressed in units of u/kB) is varied. f/γ and v are in units of bω0, and
parameters are u = 0.011kb2, γ = (1/6)ω0, and a/b = 1/2. (a) Curves for inreasing fore, the
inset shows the details in the stati threshold region. The bistability is seen to disappear as T
inreases smoothening the harateristi fv urve. (b) Forward and bakward urves to emphasize
the hysteresis dependene on temperature: the area of the hysteresis loop dereases with T and
disappears for temperatures lose to kBT = 0.005u.
< R(t)R(t′) > = 2γmkBTδ(t− t
′), (19)
where kB is Boltzmann's onstant and T is temperature. Fig.8 illustrates the veloity-fore
harateristis at nite temperature, for dierent values of T . By inreasing T , the eets
we have shown at T = 0 are inreasingly smeared out. In partiular, the stati threshold
disappears, as an be seen in the inset of the left panel of Fig.8. The bistability regions and
hysteresis still survive up to small values of T , and the harateristi urve is smoothened
in the region of dynamial bistability. Interestingly, the area of the hysteresis loop, shown
in the right panel of Fig.8, dereases with T and eventually disappears for suiently high
temperatures. A hystereti behavior in the intermediate frition region, at T 6= 0, has
been reported for long periodi hains [8℄. Here we see that we reover essentially the same
behavior in the ase of the dimer. This is beause the same mehanisms are eetive, as will
be disussed in the next setion.
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FIG. 9: Mobility B =< v > /F , normalized by the asymptoti mobility at large fores Bf =
(mγ)−1, as a funtion of the driven fore F . This plot should be ompared to that given for
the Frenkel-Kontorova model by Braun et al. [8℄ (see their Fig.1a). The fore is normalized by the
maximum applied value Fmax = 0.71kb. The parameters in this ase are u = 0.056kb
2, γ = (2/3)ω0,
and a/b = 1/2.
5. CONCLUDING REMARKS
Our general aim in the present paper has been to extend previous investigations [13℄ of
frition in the simplest non-trivial system, a dimer moving over a periodi substrate, to in-
lude a driving fore and arbitrary temperatures. Our study has shed some light on puzzling
features in the literature for more omplex systems, suh as the Frenkel-Kontorova hain, by
allowing us to obtain simple physial arguments for our system. The model is indeed sim-
ple: a linear damped osillator sliding in a sinusoidal periodi potential. Yet, exept for the
limitation that it is restrited to a single spatial dimension, it has the neessary ingredients
to represent a real dimer or moleule set in a ontrolled mirosopi sliding experiment. For
example, a moleule sliding along hannels of a rystalline well-oriented substrate [16℄ should
exhibit some of the features we have desribed. Our results, both analytial and numeri-
al, onrm the existene of nonlinear frition, resonane eets, bistability, and hysteresis,
whih an be well understood in terms of the resonane of a driven, damped osillator. Far
from resonane the sliding frition goes asymptotially to the linear regime with a v−3 term,
whih represents the tail of the resonane response. For intermediate fores, bistability and
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hysteresis emerge as a onsequene of the interplay between linear frition and resonane.
That our results provide a simple representation of phenomena reported for large systems
should be lear from Fig.9, whih shows a omparison between our results on the dimer
and results from Braun et al. [8℄ for the Frenkel-Kontorova model, whih an be regarded
as the innite-size generalization of the dimer. Those results are presented to failitate
diret omparison with Fig.1a of Ref [8℄ in terms of the mobility B = v/F , normalized
by its asymptoti value Bf = 1/mγ. We notie that the intermediate behavior before the
asymptoti linear regime is observed in the same fashion as for the dimer. In the latter
ase the mehanism is ompletely understood as being due to resonane of the dimer; the
same mehanism ould also underlie the nonlinear frition in the Frenkel-Kontorova ase
(see Ref. [6℄). Braun at al. [8℄ attributed suh features to the presene of kinks that an be
observed during the sliding regime of the Frenkel-Kontorova hain.
In light of the present study, let us make some omments that might have some relevane
to the ongoing debate in the literature [18, 19, 20, 21℄ about whether sliding frition is mainly
eletroni or phononi in origin. For this purpose let us identify the bakground (linear)
frition in our model with eletroni and the resonane frition with phononi soures. Suh
an identiation appears natural beause, although vibrations of the substrate do not exist
in our model, resonane frition does arise from the interation of the dimer vibrations with
the substrate; on the other hand, the soure of the intrinsi frition, denoted in our analysis
by γv, is independent of interations with the substrate. We have seen from our analysis that
the resonane frition is modulated by sin2(πa/b). The ommensuration ratio a/b appearing
in this modulation fator would depend in a realisti 2-d or 3-d environment additionally on
the relative orientation of the dimer (adlayer) and the substrate. Therefore, while resonane
frition might dominate the bakground frition in priniple (for suiently large orrugation
amplitude values u), the smallness of the modulation ratio ould make it have disparately
small values relative to bakground frition. That might be a plausible explanation for the
disparate results obtained in otherwise similar simulation models [18, 19, 20, 21℄. However,
rather high veloities seem to be neessary for resonane frition to be appreiable. Rough
estimates we have made suggest that in a number of materials, b ≈ 2Å, ω0 ≈ 10−100 m
−1
,
adlayer veloities relative to the substrate neessary for resonane frition to be observable
would be as high as 30−300m/s. The veloity region of the quartz mirobalane experiments
orresponds to the low veloity limit disussed at the end of setion 3.1 (see Eq.12) where
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the resonane frition beomes linear and the ratio between phononi and eletroni frition
results proportional to
(
u
k2b2
)2
. Let us extend this estimation to the ase of a Lennard-
Jones model for the dimer (adsorbate) interation, where that ratio beomes proportional
to (u/ǫ)2, ǫ being the well depth of the Lennard-Jones potential. In the Xe over Ag ase for
example ǫ ≈ 20meV and u an lie in the 1-2meV range, therefore the prefator (u/ǫ)2 ≈ 0.01.
With the above suggested identiation of the frition mehanisms and within the validity
of analytial assumption used in the low veloity limit, one might thus expet phononi
frition to be rarely observable for most materials under typial experimental onditions.
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